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SIMILARITY ANALYSIS FOR~ CHEMICAL

REACTORS AND THE SCALING OF LIQUID-

FUEL ROCKET ENGINZ? St

by

S. S. Petner

Daniel and Florence Guggenheim Jet Propulsion Center
California Institute of Technology

Pasadena, California

Scaling criteria are derived for homogeneous and heterogeneous

chemical reactors from the conservation equations for multicomponent.

reacting, gas mixtures, by the use oC similarity analysis. A complete set

of similarity parameters for homogeneous systems is shown to include

Damkbihler's first and third similarity constants, in addition to the para-

meters a.amiliar from similarity studies on non-reacting gas mixtures.

For low-velocity flow problems in the absence of external forces, the

results of tue present investigation are seen to be identical with Damkrhler 'a

five similarity criteria for chemical reactors.

Scaling of chemical reactors with complete sinilarity is seen to

be practically impossible. Scaling with loss of geometric similarity, as

well as scaling with lose of both geometric and dynamic similarity, is

considered. Here a distinction must be drawn between similarity criteria

for two extreme types of reactors, vir.,(a) flow systems without heat

transfer to the chamber walla and without wall-catalyzed chemical reactor s;

Supported by the Ofice of Ordnance Research. U. S. Army, under
Contract DA 04-495-Ord-446. The author is indebted to Dr. H. S. Tsie i
for helpful comments.
For a recent survey paper on Similarities in Combustion see Technical
Report No. 15038-1 by A. E. We-lis, R. E. Thomas, and B. A. Landry,
Battelle Memorial Institute. June 1954. This paper does not contain
detailed consideration of scaling problems for chemical reactors.



',I) flow Gystems with conductive heat transfer occurring only to the chanober

wallo and. for heterogeneous reactors, diffusive transport limited to lengths

corresponding to the pore size of a catalyst bed. For case (a) obvious

results are obtained for both homogeneous and heterogeneous reactors

with loss of geometric similarity. Cnly case (b) has been treated before

by DamkV6*hler. Bosworth. and others; this work is reviewed here for re-

actors with lose of geometric similarity, as well as for reactors with loss

of both geometric and dynamic similarity.

The results of ihis survey on similarity studies of chemical

reactors are uscd to draw some qualitative conclusions regarding scaling

criteria for liquid-fuel rocket engines. The practical importance of the

analysis is seen to be limited insofar as reasonable conjectures about

scaling procedures are possible only if the physico-chemnical processes of

the combustion reactions can be classified into rate-controlling chemical

reaction steps for motors of different sizes. However. ,the analysis sug-

gests a reasonable approach to the interpretation of experimental data in

small-scale units. Once a sufficient nw..ber of experiments has been

carried out to determine, for example. tl-_ relation between overall re-

action rate and the physico-chemical design parameters (e.g.. pressure.

temperature, etc.). rational scaling to larger mauIs should be possible.

1. INTRODUCTiON

In a recent survey paper on combustion problems in liquid-fMel
I

rocket engines we emphasized the fact that one of the most inp•rtant

S. S. Penner and P. P. Datner, paper preentied before tb Fith

International SyPosium on Combustion. PitsMburlh. Pa.. *Eeptmber1954 .... pr-ss).
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practical problems facing the rocket development engineer is the scaling of

tested models to engines of larger sizes. As a rule, the scaling methods

employed do not permit adequate parformance estimates of larger units.

Consequently, €;igine scaling usually involves engine testing and develop-

ment for every new unit, This procedure is clearly inefficient and wasteful

in view of the tremendous expenditures involved in development work on

large rocket motors.

Related scaling problems arise, of course, in chemical reactors

other than liquid-fuel rocket engines. In a pioneering paper. G. Damkbhler 2

described some years ago procedures for similarity analysis of both horno-

geneous and heterogeneous chemical reactors. It is the purpose of the

present discussion to show a more satisfactory development of similarity

criteri& for flow problems with chemical reactions, to examine the relatior.

between our results and Damkbnler's celebrated five similarity criteria.

and finally to illustrate the use of the similarity parameters for the deter -

mination of rational scaling procedures on chemical reactors.

In Section II we present a stralgl-forward development of simil-

arity criteria for gas reactions in flow systems. Starting with von Kalmair,'s

form of t.c conscrvation cquation;, 3 we foLlow Tien 4 in introducing dimen-

sionless variables. We then identify the dimeneionless groups which

multiply the reduced variables as the similarity parameters for the

problem. For low-velocity flow problems without external forces, our

results are shown to be equivalent to Darnkl~bler's five similarity pa-amete as.

2 G. Damkbhler, Z. Elektrochem. 42L. 846 (1936).

3 Th. von Ka'rmad,. Sorbonne Lectures 1952-53. Paris. France.

H. S. Tsien, Princeton University Series on High-Speed Aerodyamics,
Volume III, Section A (in press).



Scaling procedures for chemical reactors with negligible heat

loss to the walls, and without surface-catalyzed reactions, are discussed

in Section IIl. No useful results are obtained under the restriction of strict

similarity; with loss of geometric similarity, obvious conditions for scalng

are estimated.

In Section IV we follow Damkb'hler, I Bosworth, 5 and others in

using the physical meaning of Damkg5hler's similarity criteria for the de-

duction of intuitively appealing similarity parameters for scaling of reactors

with heat loss to the motor walls and with surface-catalyzed chemical

reactions. Scaling with loss of geometric simila~rity. as well as with loss

of both geometric and flow similarity, is discussed.

The contents of Section V are restricted to some qualitative

remarks concerning the problem of scaling for liquid-fuel ;ý:ket engines.

No useful conclusions can be drawn without qualitative classification of

reaction processes into homogeneous or heterogeneous reactions, and

without some knowledge regarding the importance of heat transfer to the

chamber walls or of wall-catalyzed chemical reactions. It is apparent

that analytical studieo of the type developed in the present discussion are

useful only in connection with an intelligent experimental investigation of

scaling problems in chemical reactors in genexal, and in engines in

particular.

Before proceeding with the analysis, it is desirable to summarize

briefly the physical contents of Damkblhler's work. In this connection it

is satisfying to note that Darnkdhlerts five criteria are a necessary and

sufficient condition for assuring dynamic and reaction-kinetic similarity

R. C. L. Bosworth, Trans. Faraday Soc. 43, 399 (1947).



in low-velocity flow problems without external forces and without heat

loss to the motor walls.

From an examination of the conservation equations for a multi-

component reacting gas mixture. Damrbhler concluded that similority of

flow and reaction profile could be maintained only it the following five

dimensionless ratios remained invariant:

(a•) '•inertial forces
(Re vi cous lor

coMnosition change produced by chemical reaction
composition change produced by convection

) composition change produced by chemical reaction
composition change produced by diffusion

(p) heat released by chemical reaction
I = hbeat lost by convection

and

(DR) h eat released by chemical reaction

beat lost by conduction

II. SIMILARITY CRITERIA FOR REACTING GAS MIXTURES

A. Conservation Laws

All chemical orocesses are described completely by a set of con-

servation equations. * For chemical processes involving rk diet-cL

chemical species, the set of ft continuity equations Is represented by

the relations
3

ý( = -) ., . .t (I

The conservation equatiove and similarity criteria are directly appli-
cable to homogeneous gas mixtures and also to small volume elements
of heterogeneous reactants, provided these volume elements are large
compared to discontinuities in the heterogeneous reactants and pro.
vided we use suitable expressions for the transport properties in
heterogeneous systems.
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where a repeated index Y indicates summation over this index."

Here Y equals the weight fraction of species t t is the time, 0•

represents the mass rate of product.on by chemical reaction of species

per unit volume, f is the density of the fluid mixture, I equals the

mass-weighted average velocity of the fluid mixture with components

Vx ( 1. . Z, 3). and is the diffusion velocity of species 4, with

components V ( 1. 2. 3). An exact description of diffusion in

rnulticomponent (gas) mixtures is a notably complex problem.6 For this

reason it is necessary to simplify the analysis by treating the complex

reaction mixture as a two-component system and writing3

where D, is an appropriate binary diffusion coefficient for species 4.

It is unlikely that the simplification expressed by Eq. (2) can lead to

erroneous answers in a similarity analysis. From Eqs. (1) and (Z) it

follows that

V' T7*+D. :. (3)

The momentum equation for a milticomponent gas mixture has

A3
been written by von Ka'rman in the form

We use the indeces 1. Z ... * 1• for compoeition variables

and t . k,' a 1, 2, 3 for vector components.

6 J0 O, Hirschfelder, C. F. Curtis@ and R. B. Bird, The Molecular

Theory of Gases and Liquids, John Wiley and Sons, Inc.TMwo 1954
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Here p represent@ the praesure; T is an external force with components

(k k a) ,);-r and -r denate, respectivelY, the viscous

(for Stokes flow) and diffusion stress tensors wl'.h components

V ( Ix

and

The quantity is taken to be the viscosity coefficient of the reacting

mixture and a I for 0u~ for e(4

An approximate form of the energy equation, in which radiant herta

transfer and thermal diffusion effects are neglected, is the following:

1 ( - -(--
4Fk(,

L t

Yr1V

In Eq. (7) e. represents the specific internal energy of the fluid mixture,

S..i s t h"e s p e c i f i c k i n e t i c e n e r g y , X i t h e t h e r m a l c o n d u c t i v i t y ,

9____



in the specific enthalpy of the i'th component. and the other symbols have

their previous meaning. We define the standard specific energy &° and

standard specific enthlpy •o by .he relations

e CY

and

where T

-fCVdT, C? ',
To

with ýV and C'F equal to the average specific heats of the reacting mixture

at constant volume and constant presoure, respectively, for the Indicated

temperature range. The temperature A equals, approximately. the

temperature in excess of the reference temperature T- (usually 298.16°H)

at which the standard internal energy and enthalpv have been evaluated. In

view of the relation e e* 0 E we note that

From the overall continuity equation it follow, that
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whence

~99 +c2)+ pe

and

-i 9 Ti X) +'+ + oE

of
introduction of the preceding relsticn, ,Eq. (z), into Eq. (7)

leads to the ieault

.,, 't K ý
, "

[f]

+I_ y__V_ _ _ _ _ _ _ _ _ _ _ _ _ _

I :L



10.

Equation (8) is considerably more complex, and also more nearly

correct, than Darkbhlerlt, form of the energy equation. Nevertheless,

we exp.et to obtain essentially the same similarity criteria as

Damrkhler since the differences in the energy equation are the result

of more refined descriptions of the same physical phenomena included

in Darnkmhblr's similarity studies.

B. Limitations of Similarity Analysis Based on the Conservation

Laws

It was pointed out some years ago by Edgeworth-Johnstone
7

that derivation of similarity criteria from the conservation equations

will lead to more similarity parameters than are required, because

the reaction frequencies Q,) /e are not independent but are

functions, for example, of the composition, pressure and temperature

distribution in the reactor. We are however, unable to take advantage

of this fact in most practical scaling problems because the exact form

of the reaction-rate law is usually unknown. in view of this difficulty.

it is only reasonable to perform similarity studies on the assumption

that useful conclusions can be drawn onu' if the resulte perm.it acaling

for fixed values of 41/ under invariant composition, pressure,

and temperature conditions. We shall interpret the utility of similarity

studies for specific problems in Sections III and IV with this reservation

in mind. However, in the discussion of engine scaling on the basis of

model experiments (Section V), a different viewpoint is indicated, namely.

7 . Edgeworth- ohnstone, Trans. lust. Chem. Engrs. 17, 129 (1939).



fruitful experiments should be designed in such a way as to determine

precisely this functional form -, small units. Intelligent treatment of

the data will then permit rational scaling by the use of similarity

analysis.

C. Similarity Criteria

For the derivation of similarity criteria we follow Tsien's

treatment for non-reacting gas mixtures 4 and introduce dimensionless

variables (identified by an asterisk) through the relations

To

the subscript '9 Identtifie. properties of the initial gas mixture, rep- .

Do 'D .h

resents a characteristic length, Q is the acceleration of gravityque2 c -,

is the rtandard specific enthalpy difference between reaction products

and reactants and equals the heat evolved on reaction per gram at constant

pressure and standard temperature, D, is a suitably chosen binary
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diffusion coefficient of a dominant species in the inlet reaction mixture,

and o0 is the corresponding specific heat at constant pressure.

In terms of the dimensionless variables defined by Eq. (9),

Eq. (3) becomes

U4

or

Equation (10) contains the dimensionless groups

bi ]a Damk'ohler's first dimensionless group, (1I)

and

"a '. _•..'amOkhler's second dimensionless group. (12)

Bet z -oceeding with the derivation, other similarity criteria.

it is d - l 'ucidate the meaning of the reaction frequency U
Becv- ýdependence of the chemical reactions in complex systems.

if we restrict analysis to the typical chemicai species 1g.,

If the physical states of two systems are similar, and the time history

of an Important chemical species (namely, the species 1 Jis also

similar, then the entire reaction scheme in the two systems will usually

be similar.

In terms of dimensionless variables Eq. (4) becomes



0t+ L- "

LOV

or

TIM Vkk * N3

Equation (13) contains the following new dimensionlees group.,in addition

to the heat capacity ratio •

rr)
+ 3 1 0 F- nd A'~b 1

o ) M Reynolds numbers (16

S. (

S=Schmidt number., (17
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It should be noted that the groups listed in Eqs. (11). (12). (16). and (17)

are not independent and that any three of the ratios can be used to obt~iA

the fourth.

In terr-k of dimensionless variables, Eq. (8) becomes

- SO p(Yd +- 9O__gL Iv it) EYJ go 7Th

;I -z 70. ,

or

-E. ••l | n • :i 11 ..
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-0 00 TO 1.

rev1~

L2. i) 0 \ A L Y * , O
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Reference to Eq. (18) shows that the following new dimensionless groups

appear:

:L (~ L Dan'k~ohlerls third dimaensionleuss(9
VOcP'O o " group,

Vol
Cpto 0 V (20

Pr (jP o) a Prandtl number. (Ml)

For convenience and later reference we summarize an independent

set of similarity parameters for reacting multicomponent gas mixtures in

which radiant heat transfer, thermal diffusion, and other relatively unim-

portant transport processes are ignored. The important relations are the

following:

go Do '

Nix 0X ~o (1W

(VI

-rr -•-O M v
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1VO (VI)

O CPvo/ o(VII)

(VIII)

(IX)

The groups 4I) to IV)- (VIII), and (IX) must be maintained constant even in

flow systems without chemical reaction. 4 For low velocity flows, mainten-

ance of constant values of M and T is unimportant; in the absence of

significant external forces, (i.e.. forces of the type which might occur in

combustion chambers during accelerated flight) constancy of Tr is unim-

portant; the specific heat ratio fo generally does not vary greatly from

one chemical system to another and is, therefore, precticaly constant in

any case. Hence it follows that constancy of the five groups ( R )), ( c).

(V)r ), 1 1 ), and ( D•D ) is generally sufficient to assure imilar corn-

bustion processes in low-velocity systems without significant external forces

since, in this case, the two different combustion reactions are described by

identical nondimensional differential equations. The five similarity require-

ments given here are equivalent to Damklhler's set of (Re ), I (Z ). (

"- •"~ I ) ( Pe ) where the Peclet nurber ( P. } known to play an ir-
_|e- I P-)t;kont lya m



portant role in heat conduction with forced convection, We now proceed to

investigate the rational limitations placed on the scaling of chemical reactors

through the requirement that JRe. ), ( S(. ). (Tr ). D ). ( ? must

be kept constant, after conaidering briefly the influence of boundary conditions.

D. boundary Conditions

For reactors in which heat transfer to the motor wall plays an

important role we must introduce a new similarity criterion whtih refers

to the solid-gas interface. This effect is well known and it is shown, for

example, by Tsien, 4 that the Nuoselt heat transfer number is a suitable

parameter. Actually we expect constant Nueselt number in reactors for

fixed values of the Reynolds and Prandtl numbers. It is therefore apparent

that the boundary condition corresponding to heat transfer ,o the motor wal' s

introduces no new similarity parameter in the present problem.

WaU-catalyzed chemical reactions intri duce a now reaction

frequency into the similarity study. We shall assume throughout the fol-

lowing discussion that the reaction chambers are sufficiently large to justiJ y

neglect of wall-catalyzed chemical reactions.
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III. SCALING PROCEDURES FOR CHEMICAL REACTORS WITHOUT DOM-
INANT HEAT LOSS TO THE CHAMBER WALLS AND WITHOUT WALL-
CATALYZED REACTIONIS*

For low-velocity flow problems in the absence of external forces,

.A and without dominant heat transfer to the chamber wall*. we use the simi-

l-r ty parameters (1a..), (S• ). ( Pr, ( a)i. and (•D.) directly. The

following discussion vill be restricted to scaling with exact similarity and

to scaling with the loss of geometric similarity.

Consider a cylindrical model M and a large-scale reactor H

The consumption ratio (or total volume flow rate ratio) M. for H , with

respect to M re. reference reactor, is then defined by the relation

, - VO,H v0 oM (ZZ2

where 4 aid dM denote diameters in the reactors , an

respectively. It is convenient to investigal - the implications of the similarity

requiremeats for fixed value, of the consumption etio fl.

A. Mainenance of Exact Similari!t for a Given Chemical System

Maintenance of exact similarity is impractical for both homogene-oas

anl heterogeneous systems,

(1) Homogeneous Reactors.

For a given chemical reaction, the physico-chemical parameters

in s.'ilar reactors remain unchanged, I.e.. , # 'Do P * 9,

For a discusoion of the phrase "dominant heat lose" see Section IV.
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and No are fixed. If the consumption rate is increased by the factor Mt.

* then it follown from Eq. (22) that

S v, •d voM (Z3)

From the requirement ( Re)H v (. )( it is apparent that

dH voH = dMvO,M (24

where the characteristic length occurring in the Reynoldis number has been

set equal to the diameter for a homogeneous cylindrical reactor. From Eqs.

(23) and (24) follow the relastions

dN = dr,, (zs%

and

Vo) = vo,(Z

If 0 is a chamber length, then geometric similarity leads to the relation

£ H (7)M (

in view of Eq. (Z5). The requirements ( Sc. S ( S. )M and ( Pr )t

= ( 'Pr )M lead to no restriction in the . aling of chemical reactors for

a specified chemical reaction. The relation (D " ( )" ) laads

to the conclusion

aV (28)(O+) . (U+)1
whereas( " ) a u ( Dm )M shows now that

( Jo)H = •AJ 0

For L .> I it is apparent from Eqs. (Z5) and (27) that reactor

* For scaling wih maintenance of geometric similarity it is unimportant

to differentiate between the different lengths. We specify the particular
linear dimension involved only as a matter of convenience.
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diameter and length must be increased; Eq. (26) shows that the flow velocity

must be decreased, Eqs. (Z) and (Z9) show that for fixed (o)H = (!o)M

the reaction frequency must be reduced. The ,-equirements for exact simi-

larity expressed by Eqs. (ZS) to (29) are difficult or impossible to satisfy

since we have no effective oontrol over homogeneous chemical reaction

rates. Furthermore, the indicated scaling procedure is very inefficients we

reduce the flow velocity and then compensate for this, in order to increase

the volume flow rate by the factor A, . by building a chamber of larger

diameter; the chamber length is changed in such a way that the residence

time tHi /VH has been increased by the factor 3yz in order to allow

for the reduction in reaction frequency by the factor I/Tif.. These changes

will lead to the same combustion efficiency in the two reactors.

(M) Heterogeneous Reactors

From Eq. (22) it follows that

a O =j 40 M , V

whereas the requirement ( Re ) u ( Re leads to the condition
I I

c oH V 0 M V0, M (30,

where 6 epresenta the spaeing between the dincontinulies in the

heterogeneous system. For exact similarity

43I (

whence

'i~7vl /V-O-,Hl VO)M / \10)

end

VO) H * VO, / (32

as before. Furthermore,
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Y

d H Va % C i M d M(3 3 )

Again, from geometric similarity,

4H T (341

Proceeding as for homogeneous systems we find

H U (35)

aud

00o)m (PO)M (36)

Thus exact similarity can be maintained for a heterogeneous reactor only

if the reaction frequency is reduced by the factor Y z when the Unoar

dimensions (including the pore Isie of a catalyst bed) arc increased by the

factor Tv. . This particular dependence of reaction freque-,y on pore

diameter is usually impossible to obtain.

B. Geometric Distortion

For some homogeneous chemical reactions large-scale diffusion

is not important. For heterogeneous chemical reactions in catalyst beds.

and also for heterogeneous diffusion flames, the type of diffusion occurring

between macroscopic volun•e elements can- be nellected. Hence in these

cases the diffusion terms in the continuity and energy equations disappear

and the similarity requirement for ( ýL ) may be deleted.

For reactors with possible geometric distortion somewhat differqnt

results are obtained for homogeneous and for heterogeneous systems. If

geometric distortions are introduced, care must be taken to use for L

an appropriate diameter, pore size or length. Thus we note that in the

Reynold's number RQ. , L a chamber diameter d for a homogeneous



reactor, L - pore size in a catalyst bed. and L - spacing between

heterogeneous diffusion flames a in a liquid-gas systorr" in the group

bj the length L is a cha.-nbes length X sknc4 th- t.rm L/V,

represents a residence time; in tbe n D D the ,- -'h L repre-

sents also a chamber length since i..r m-t! od -1 Introdu,.ti this group

shows that it must be corameneur .. ,h " ernatlh er ing into

(1) Homogeneous Reactors

If the consumption rate for a given che.nicat utem is increased

by the factor T6 we have again the rtlation

2,H = =' " d V
,• M V°M

From

it follows, as before, that

1103 Vo M "'10 M

whence

and

Vo, H "-• VO• .ls

For fixed chemical systems the conditions ( SC.) • cunstant and ( Pr a

constant are satisfied automatically. From ( D )• m )M it

follows now that

411) M(39

whereas ( I) ) ) lM Ieds again to the result

(O)H ()M(40.
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Without geometric distortion, Eq. (39) leads to the same results as were

obtained in Section IIIA. However, other solutions are possible, the most

intere sting being

= (U4DH M (41)

with

The prescription for scaling of homogeneous reactors, without geometric

similarity or wall-catalyzed reactions, ic hardly surprising. We note

that residence time ( % ). reaction frequency, and temperature dis-

tribution are maintained uniform, with the chamber diameter and length

scaled in inverse proportions.

(2) Heterogeneous Reactors With Constant Pore bite

We start again with the condition

From

or g 'JO, g o , V 0

we now find

H VoQ (44)
if M represents a constant pore size for a catalyst reactor.

or a constant spacing between heterogeneous diffuonr Ziames in a liquid-gas

system. Equations (43) and (44) now lead to the result

! d - " & M" 445)



From the conditions ( SC. (SC ) m ad ( ?r PH = (v )M we

again obtain no design restrictions foy a given chemical system. In the

present case

pr)H (D M a 1)l) (DZM

imply again the conditions

and

WO)H = )M. (47)

For a given chemical system the solutions

(U.k=(OU)M (48)

and

SH =e M (49)

are thus seen to be possible. The conclusion that a heterogeneous reactor

with negligible heat loss to the walls, and without wall-catelyzed reactions.

can be scaled with maintenance of flow, thermal. and reaction-kinetic

similarity by increasing d. with ', . and initial conditions

constant, is hardly surprising. The assumptions 4troduced into th, analy-

sis imply no interference between adjacent macroscopic volumes of reactor;

accordingly, the scaling procedure suggests design of large reactors by

arranging small reactors in parallel. This scaling principle for hetero-

geneous reactors is known to lead frequently to very undesirable results

because heat losses to the chamber walls may become very important.

For this reason we return now to Damkohler's work and modify the simi-

larity criteria on the assumption that heat losses to the chamber walls play

a dominant role.
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TV. SCALING CRITERIA I )R HOMOGENEOUS AND HETEROGENEOUS
REACTORS WITH DOMINANT HEAT LOSS TO THE CHAMBER WALLS

Darnig&hler2 and Bosworth5 start their investigations of scaling

criteria with the physical contents of Darikb'hlerls five similarity criteria

and assumesfor both homogeneous and heterogeneous reactors, that heat

losses to the chamber walls are dominant. We shall review this work

with special reference to Darnkthler's investigations of partial similarity.

A. H omogeneous Reactors

For homogeneous reactors the following scaling criteria are

assumed to apply:

. (50)

V o ) 15 1 )

V0 C?-,o (5

and

4.ý 
(54)



The groups ( ) to (D• ) correspond directly to the ratios given in the

introduction, where they were expressed in terms of the physical contents

of the dimensionless ratios. They we-.e obtained by Damkkihler fronm the

conservation laws by introducing dimensionless variables and determining

the groups which multiply the dimensionless ratios of inertial force to

viscous force, of composition change produced by chemical reaction to

composition change produced by convection. etc. The product • d arises

in Eq. (52) from the notion that both radial and axial diffusion are Important.

The product of lengths occurs in Eq. (54) because we assume that all

conductive heat losses occur to the chamber wall and normal to the direc-

tion of flow.

If heat transfer to the chamber wall occurs by turbulent convection.

then X in Eq. (54) should be replaced by the product of a .acet number

and the gas conductlvitywhere the Nusselt number depends on the product

of appropriate powers of ( -Pr ) and (Re.).

(1) Homogeneous Reactor with Conductive Heat Transfer to the
Chamber Walls (omplete imilarity)

From the consumption relation

VA = - M VM )) M

and the condition( IRe)H (Re)M or

dH V° - dM (OM (56)

ii foilo-e that

(57)

and

Voj H V-• V (58)

hence it follows from )M or from

that



The requirement D H A( D2 ? H DM )M t b)M implies

the condition

"1H 4(01

for constant values of ' .* From Eqs. (59) and (60) it follows now that

Constancy of o r) o ( Dt]Z) is seen to Imply only constancy of at "

The scaling requirements embodied in Eqs. (57), (60). and (61) are

practically impossible to fulfill for homogeneous reactors; they are equiva.

lent to those obtained for maintenance of complete similarity without dom-

inant heat losses to the chamber wall [compare Section ill A (I)]

(Z) Homogeneous Reactor with Heat Transfer by Turbulent
Convection to the Chamber Walls (Complete V.SMa

Equations (50) to (53) remain unchanged; Eq. j"4) -a reptaced by

the expression

t~j~ 'i-(62)

where N, is the Nusselt number. For fixed values of the physlco-chemic al

parameters of the gas, the Prandtl number is constant and the Nusselt nura-

ber is a function only of the Reynolds number, i.e.,

Nam constant ( ý0v 0 {3 /ýi•O) (63,

v) here .M _ 0. 8 for turbulent flow.

Note that the relation a.7t -e•fr does not follow from assumed
geometric Aimilarity but is required by the similarity criteria directly.
We cannot fulfill constancy of ( Rt ) to ( M ) without geometric
similarity.



Proceeding as for homogeneous reactors, we find again

aH = M ) (64)

%,/0 H =O M

and

E, ration (66) and the condition ( _ )v = (D DI M show that

A.( (67)

According to Eqs. (62) and (63), constancy of ( ) again leads

to the conclusion that

~ ('LX~(68)
since (So v0 lo)H4 (tok vo/ Mo) Hence also

"•H = L't2 M (69)

and we have again scaling criteria which are almost impossible to satisfy

in practice.

B. Heterogeneous Reactors

Appropriate similarity criteria are

o (70)

Vo (71)

DO 172)
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(73)

and

fog0 ' Qi dz~

The length C6 in Eq. (70) arises from the notion that diffusion transport

is important only within distances corresponding to the pore Aine of a cata-

lyst reactor; the chamber diameter a occurs in Eq. (74) because we have

introduced the assumption that only heat loss by conduction normal to the

chamber axis in of importance. It is obvious, without detailed study, that

Eq., (70) to (74) will lead to results which are identical with those discussed

in Section IIDS j2) for exact geometric similarity.

In his study of catalyst reactors. Bosworth has modified Eq. (74)

further by writing

where ý0 represents the thermal conductivity of the gas within the

catalyst pores at the temperature 0and (3 is a proportionality

constant which measures the contribution td radiant heat transfer (for low

radiant intensities the pathlength for radiation is dir"ectly proportional to

-. The Amplications of Eqs. (70) to (75) for valute of dI either

small or large compared to unity have been discussed by BoDeworth and

will not be reproduced here.

The thermal conductivity \ appearing in Eq. (74) Is an effective

thermal conductivity for the catalyst reactor and can be expressedjfor fixed

Prandtl number, according to experimental studies carried out by Colburn,

in the form

8 A. P. Colburn. Ind. Eng. Chem. Z3, 910 (1931); Th. Chilton and A. P.
Colburn, ibid. V3, 913 (1931).
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( j- • / o o o)• (•/ 0,1 S • _. V 0,1 (7 6

for turbulent flow. The function 4Y/)decreases from about 1. 45 at

ad 0. .4 to 0. at d'/d 3 .. For exact similarity,. both

Re 0 an dd are constants and, therefore,. is constant. For

&Xd R&IM := constant.

It will now be shown that Eq*. (70) to (74) and (76) do not lead to

useful scaling proceadures even with the loss of geometric similarity.

(1) Loss of Geometric Similarity for a Catalyst Reactor with
onstant-Pore Size, lanoring Ma*ss Twansort by Diffusion

From the definition for the consumption ratio we have the relation

d%% Vo) = ' M ý VO)M,

Constancy of the Reynolds number implies the result

Vo) H 'Vo M J77)

for constant pore size (ý H a M Therefore it follows that

From the condition (tI)H = ( M)E) we now obtain the result

we ignore the condition ME = )D) 1  ; H "(1

show s that

A )4 . (O})M (80)

in view of Eq. (79). Finally, the requirement (DIM)N M with

constant value of \A Rp. constant, c/A4 1) shows that

From Eqs. (78) and (81) it followa now that

I (8z)

(UA M ~rrl 1
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whereas Eqs. (79) and (82) lead to the conclusion that

M 083)

The similarit.y requirement expressed by Eq. (82) for a catalyst

reactor with constant pore sizc is generally impossible to fulfill, i.e,, the

scaling of catalyst reactors for the design restrictions expressed by EqM.

(70) to (7Z), (74), and (76) cannot be carried out with maintenance of dynantic,

thermal, and reaction-kinetic similarity. For this reason, we turn our

attention now to Damkrohlerls inethodsof scaling with partial similarity.

C. Partial Similarity with Heat Loss to the Chamber Wall.

Damk!hler 2 has considered cases of partial similarity by specify-

ing conditions for similar heat losses to the chamber wall, as well as similar

heat release and reaction-rate patterns. Design criteria to yield similar heat

loss conditions will now be con~idered. Following Darnklhler, 2 we shall mean

by thermal similarity conditions under which a fixed fraction of the reaction

heat is lost to the wall.

If the mean reaction frequency in the chamber is U . then the rate

of heat release is

X U a /4.

If • - A0 represents the temperature change in the reaction vessel,

then the convective heat loss per unit time from the flowing medium is,

approximately,

ST•

Hence the ratio of total heat release to heat loss by convection is

U _ D (84)

Constancy of ( ) now replaces constancy of (



3 L.

The heat release per unit length of combustion chamber In

Let " denote the fractional heat lose to the c?.amber by conduction only.

For fixed values of Y it f.s then easily shown from the differential equa-

tion for heat conduction

that

where _k and "•W denote, respectively, the temperatures in the center

of the reactor and at the wall. The similarity condition expressed by Eq.

(8) replaces the requirements for constant Peclet number. The groupI I

C • ) ei obtained from ( M ) by multiplication with

Reaction-kinetic similarity is maintained by requiring consteacy of ( D_" ),

Flow similarity is not maintained since constant ( Rq ) and S C. ) are not

imposed.

For turbulent flow, heat transport to the wall ts chawcatorized bV

a heat transmission coefficient OX . If again a constant fraction of the

heat released is lost to the wall then

and

___Dar_ (86)

W N
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whero the effective Nusselt number is

NLA, (87)

(1) Homogeneous Reactors with Turbulent Heat Transfer to the
Mot-or Walli = " "• "- -

For the scaling of a homogeneous reactor utlUinng a fixed reactant

mixture, with thermal and reaction-kinetic similarity, we must satisfy the

basic similarity requirements expressed through constancy of ( Dr

),and (

The Prandtl number remains invariant in scaling for a given

chemical system. Hence the Nusselt number may be written in the form

NU X constant M-- )O •

where YYft, 0.8 for turbulent flow. For

t (••.)M - [ 'I•M , ilM - tOM, Pyno--,UH' & 'W')M

constancy of ( ) now implies the relation

L TJ2J (88)

Combining Eq. (88) with the consumption relation

shows that

M (89)

and

yJ(.( - ) +() (90)
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From (DI )H " DI ) M it is then apparent that

A = ~M ~(91)

Equation (91) is alpo obtained from M f we

introduce the condition

' =00)H)M
For 'M 0.8. Eqs. (89) to (91) become, respectively.

= ) (89a)

- M (90a)

e - ,eI,).l (91M)

(2) Heterogeneous Reactors with Constant Pore Sie

The similarity parameters which must be maintained constant are

9ý 0 (93)

, •

H and

S= _-(94)

where, for turbulent flow through a catalyst reactor,

constant V% )f~k/A, 0-1~ 'n' O i1 (95)

From the consumption relation we have

from i ap tith t )M)

it is apparent that



;,

" )',M 197)

But, according to Eq. (95)

for constant values of the pore slze CL Hence Eq. (97) becomes

Combining Eqa. (96) and (98) it is seen that

dH (99)

end allc

79 IS 7M(100)

From M )H . with U constant it is evident thot

or
Oil X 4 .. M (-A, (• '' ,',,) (101)

The preceding expressions lead to the following iscaling criteria

for maintenance of partial similarity:

(a) "Y, 0.8:
0. i•, ,2,

(bi •'~ 0.9: 5 L

~J
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(c) 11, u 0 (laminar flow):

?U WM.
Constancy of DEimplies again constancy of

(3) Auxiliary Steps in Scaling

It is evident that maintenance of partial similarity, according

to the specifications determined by Damrdhler and reproduced here,

requiren auxiliary steps to assure the desired heat transfer in chambers

of different sizes. Some considerations of the design changes, as well

as a discussion of the influenco of radiant heat transfer on motor scaling

criteria, may be found in Damklchler's original paper.

The limitations of the application of scaling criteria to chemical

reactors have been summarized by Damkebler, who notes particularly

the undesirable pressure losses which may be introduced in the rational

scaling of heterogeneous reactors. We refer to the original paper for

elaboration of these points and conclude the present survey with

speculations concerning scaling of bil opullant liquid-fuel rocket engines

V. SOME SPECULATIONS CONCERNING THE SCALING OF LIQUID-

FUELS ROCKET ENGINES

Care must be taken to differentiate between attempts at develop-

Ing useful scaling criteria without model experiments, on the one hand,

and intelligent interpretation and use of even a limited number of experimental

data, on the other hand. In the absence of experimental results, we are

reduced to the type of considerations presented in Sections III and IV,

where we attaxhpt to scale for fixed values of YC. and UZHowever,U"
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if expeximental data are available on the dependence of U4 on

*'ý*O' . foaid % ar. entirely differint approach to the scaling

problem is indicated. We proceed by summariz.ing briefly some

conclusions which appear to be justified for ths. two types of scaling

procedures.

A. Scaling Without Model Experiments ( , and

Constant)

It is apparent from the variety of scaling prescriptioas obtained

in Sections M and IV that any procedures concerning engine scaling for

fixed values of •, 0 .f,% and , must begin with positive Information

concerning (a) the importance of heat losses to the m...-r chamber, and

(b) the relative importance of homogeneoun gas reactions and of

heterogeneous processes such as diffusion flames surrounding liquid

droplets.

If heat txansfer to the motor walls becomes important, we

havo again no generally applicable scaling procedures. It remains yet

to be shown that Damk'dhler's notions of partal similarity are useful

in practice for liquid-fuel engines. However, it is also clear that in a

field as important as that of engine scaling, even an incomplete theory

may be a better guide than the artistic notions which are currently used

by design engineers.
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13ý Model Experements and Scaling

It is clear that a basic development program on engine scaling

involves experimental determination of U:Q (0o O0  for a fixed

chemical syetekn. On the basis of the empirical results it should then be

possible to consider rational engine scaling with maintenance of partal or

complete similarity. Details concerning this type of investigation had best

be carried out in conjuaction with the experimental studies.

Analytical considerations form an integral part of tite

development of scaling procedures from model expe-iments. In thWs con-

nection reference should be made to more complete discussions of the

chemical processes in reactors than are provided by a similarity analysis. 9 ' 10

Correspondingly, a survey of scaling procedures in liquid-fuel rocket

engines should be-gin witl• attempts at classifying rate-controlling reaction

Isteps, followed by correlation of results concerning past failures and

successes on engine scaling.

R. C. L. Bosworth. Phil. Mag. 29, S47 (1948); 40. 314 (1949).

10I. • M. :Jutburt, Ind. ELg. Chrun. 36. 1012 (1944): 37. 1063 (1"45).



As an example of scaling on the basis of model experimnents, let

it be assumed that in a liquid-propellant engine the rate-controlling

reaction involves heterogeneous diffusion flaniea with o.- =oDtaz 4

where t is the injector orifice diameter. I The injection orifices are

spaced at a distance a The total number of injection orifices on a

piate of diameter (3. is proportional to d1/(cL') 3wh.e. we assume that
kX&•" If the flow velocity V. is chosen to be the linear flow velocity

in the orifices, then the total mass flow rate is increased by the factor

"*i,l~, if

[VO40 2(a')jH [4VoVdY"d!YJiM . (102i

For constant physico-chemical parameters the following relations

obtain:

ILo~ /V/OC - oo'/04), (105

and, in order to maintain geometric similarity,

*In general, is proportional Jo the droplet diameter 4. which.
in turn, is liven as a function of 4,. flow velocity VO . and preessure
drop across the Injection orifice. For the implication of this
conclusion see pp. 40-41.
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Equation (106) assures constant Reynold's number & based on all

chamber dimensions, For constant values of . and 1! it follow.s

from Eq. (103) that

re,4 aa = % M a'M
whence

VO VO ~ (10?)

From Eqs. (10Z), (106), and (107) it is now apparent that

L -f ,41 (108)

Equations (104), (1(6) and (107) lead to the result

.I 7 I 4  (109)

Comparison of Eqs. (108) and (109) showys that

For (.o),; (•o)M .Eq. (105) is now also satisfied.

The preceding results show that for maintenance of similarity

in the special case ' contant eight times the flow rate

M, = 8) should be -achieved by setting ' 1 ie. , by reducing

chamber diamoter, chamber length, and oriiice spacing by the factor 2.

and, Ft the same time, doubling the linear flow velocity and the size of

the orifices.

if lz=constant (P then 4must be replaced by .Ain
Eqs. (104) and (105). However. Eqs. (107) and (108) still apply.

Equation (109) becomes now

We must satisfy an auxiliary design requirement corresponding to
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for a given chemical propt.lant, where A? is the pressure drop

acrose the injector orifice. The solution of Eqs. (108), (I1l). and

(I I Zj for suitably chosen valves of AP leads to an exact specific-aion

of scaling procedure. Of course, the results can be useful only Uf the

basic relation for ti applies.
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